Abstract. Linearized state-dependent and central Jastrow correlated trial wavefunctions are used to study the ground state of spin-isospin saturated p-shell nuclei with V4-type forces. We extend the variational Monte Carlo method to incorporate this kind of operatorial correlation by introducing only minor changes with respect to the case of central correlations. Very good energies are obtained with this wavefunction for the nuclei studied. Finally, a discussion of the role of the different correlation mechanisms included in this trial wavefunction is performed in terms of both the momentum distribution and the one-and two-particle densities in position space.
Introduction
Short-range correlations have traditionally been separated from mean-field effects such as particle-hole excitations in the theoretical description of nuclear bound states. Thus microscopic theories that consider one of these mechanisms, usually does not take the other into account in an efficient way. Within the framework of the variational approach a functional form for the trial wavefunction has recently been proposed [1, 2] that includes efficiently both shortrange correlations, by means of a scalar Jastrow-type correlation factor, and state-dependent translationally invariant pair correlations, by using a function which imposes both rotational and translational invariance in the lowest order of the coupled-cluster theory [3, 4] . This trial wavefunction for an A nucleon system can be written as 
where 0 is the so-called model wavefunction built from a given mean field, which constitutes the reference state for both the Jastrow approximation and the coupled-cluster method. The Jastrow factor F J is
which depends on the relative distance between the pairs, and finally the function F L is defined as
This factor recovers the 1p-1h and 2p-2h excitations which are translationally and rotationally invariant as a linear correlation factor. The function g(i, j ) is chosen to be state dependent.
It has been shown that this kind of wavefunction is a good approximation to describe light systems such as 4 He [1, 5] . The results are rather close to the most accurate results, obtained by using a Green function Monte Carlo [6] or variational approach with a state-dependent Jastrow correlation [7] . In both cases, the calculation is substantially more complicated and lengthy.
The main difficulty in performing accurate microscopic calculations for the ground state of nuclei is the presence of spin-isospin operators in the nuclear Hamiltonian and then in the wavefunction. Many theoretical techniques have been developed to solve this problem, including the Fadeev and Fadeev-Yakubovsky equation [8] , hyperspherical harmonic expansions [9] [10] [11] , the stochastic variational method [12, 13] , quantum Monte Carlo methods [6, [14] [15] [16] [17] and the constrained path Monte Carlo method recently proposed and applied to neutron matter [18] .
Unfortunately some of those methods, which provide very accurate results for light nuclei, cannot be easily extended to heavier ones. Efficient approximations such as the Fermi hyper-netted chain (FHNC) for finite systems have been developed for pure Jastrow central correlations, i.e. F L = 1 [19, 20] . This theory has been extended recently to study finite closedshell nuclei with state-dependent correlations [21] . However, due to the fact that translational invariance does not hold for these systems, the diagrams are more complicated than in infinite systems. Also the coupled-cluster method has been applied to 16 O by using realistic potentials [22] .
The wavefunction (1) with the constraint F J = 1 and with a suitable parametrization of the correlation function, has been applied recently to medium-mass nuclei, A 16, with V4 interactions [4] . Although this method has been formulated for any value of A and the calculations have been done analytically, the computation time increases rapidly with the number of nucleons. The variational Monte Carlo (VMC) method is an efficient alternative to the previous one and, although it has its own limitations, it is a useful tool to study light and medium nuclei. It is worth mentioning here that the VMC method has been used with the cluster expansion technique to study 16 O with realistic interactions [23] and the nuclei 16 O to 40 Ca with only central correlations [24] .
The aim of this work is to use the VMC method to calculate matrix elements of operators with wavefunctions such as (1) and to search for the optimum values of the free parameters for light and medium nuclei. The key ingredient in the present approximation is the linear dependence of the trial wavefunction on the spin and isospin operators. As we shall show below, this will lead to an algorithm that it is very similar to that used for state-independent correlations. We have focused our study on the different mechanisms of correlation included by this trial wavefunction. To elucidate their effect we have performed a systematic analysis of the one-and two-body nuclear densities in position space. We have also studied the momentum distribution which is very sensitive to the nucleon-nucleon correlations [25] . The present study has been done for 4 He, 8 Be, 12 C and 16 O. Although V4 potentials are considered in this paper, this method can be generalized to tackle more realistic interactions.
The structure of this paper is as follows. In section 2 the trial wavefunction is shown in detail. The method is described in section 3. Section 4 is devoted to presenting and discussing the results obtained. Finally, in section 5 we give the main conclusions and perspectives of this paper.
Nuclear potential and trial wavefunction
We have worked with the modified S3 (MS3) [26] and the Malfliet-Tjon MT I/III potentials [27] , which will allow us to compare our VMC results for the particular case F L = 1 with the analytical ones from Guardiola et al [4] . This will provide us with an additional test on the accuracy of the VMC method in calculating the different matrix elements and in determining the optimum values of the variational parameters. They will also be used as a reference to study the effect of the inclusion of a central Jastrow factor in the wavefunction.
The model wavefunction in equation (1), 0 , is a Slater determinant of single-particle wavefunctions generated by a Cartesian harmonic oscillator Hamiltonian. In particular, for the nuclei here considered we have
where (n x , n y , n z ) 4 denotes a spin-isospin saturated single-particle wavefunction, with the spatial dependence of Cartesian harmonic oscillator (n x , n y , n z ). For 8 Be and 12 C the state proposed here is not an eigenstate of the total angular momentum but a weighted average of the J = 0, 2, 4 states. As our purpose is to compare the results provided by the different correlation mechanisms this circumstance is not relevant.
The operatorial component of the linear correlation factor is the same as that of the nuclear potential used,
where
and P (4) 
. . , 4, and f (r) are parametrized as a linear combination of Gaussians,
The coefficients a (k) m are the only ones that depend on k. Therefore, we have 4M linear parameters (a 
VMC calculation of the matrix elements
It is well known how to work with the Monte Carlo methods for a trial wavefunction that includes only central correlations. The inclusion of the spin and isospin operators makes their application more difficult. In the case of state-dependent Jastrow correlation functions it is necessary to generate a hypervector in the spin-isospin space, and the sampling is performed in this space [28] . However, the number of spin-isospin configurations to be sampled increases rapidly with the number of particles; this has restricted the quantum Monte Carlo calculations to light nuclei (A 8) [14, 15] . As we shall see below, this problem is greatly simplified by introducing the operatorial correlations in the wavefunction in a linear form.
We have to calculate the expectation value of a symmetric operator, Q(1, . . . , A),
where is the trial wavefunction of equation (1). Let us consider the complete set of basis functions, |R, , given by
where r i is the spatial coordinate of the ith-particle and η i represents its spin-isospin variables. R and denote the spatial coordinates and spin-isospin components, respectively, of the whole system. Thus both the numerator and the denominator (Q = 1) in equation (8) can be written as
where the sum runs over all possible spin-isospin components of the A particle system and the integral is extended over all the spatial degrees of freedom of the system. Let us focus on the sum of the internal degrees of freedom. If any of the two factors of the integrand is zero, the corresponding term will not contribute to the expectation value. Let us now consider 0 |F † L |R, (here we do not include the factor F J since it is a scalar in the spinisospin subspace). As the spin-isospin configuration of the model wavefunction, 0 , is fixed, this factor will contribute only in those cases in which the action of the operators in F L over |R, will provide the spin-isospin configuration of 0 . If we designate by (0, 0, 0, 0) the state saturated in spin-isospin and by (n 1 , n 2 , n 3 , n 4 ) those states different from (0, 0, 0, 0) in n 1 particles with spin and isospin up, n 2 particles with spin up and isospin down, n 3 particles with spin down and isospin up and n 4 particles with spin and isospin down, then the only |R, states that contribute in equation (10) are (1, −1, −1, 1) and (−1, 1, 1, −1) as well as (0, 0, 0, 0). Therefore, the sum in equation (10) in the spin-isospin coordinates is reduced to just three terms.
Once this is accomplished the spatial integrals can be carried out by using the VMC in the same way as in the case of state-independent correlations, as we shall detail below.
In principle, the most suitable choice of the probability density distribution to carry out the VMC integration in equation (10), is the integrand of the denominator
where with l = 1, 2, 3 we account for the three different above-mentioned possibilities. However, a sampling with this distribution function is very costly in terms of computation time. Therefore, we have chosen as a distribution function the square of the central part of the trial wavefunction
As a consequence of this choice [29] , the statistical deviation of the calculations is greater than if we had used ω 1 and a bias will appear in the calculation of the mean value. However, since the evaluation of the distribution function ω 2 is considerably faster than ω 1 , the use of the former makes the calculation more efficient. Then the VMC estimation of Q is given by Q; ω 2 T , where
and {R 1 , . . . , R T } is a set of T spatial configurations distributed according to ω 2 . To estimate the numerical error [29] , the T points are placed into M blocks of K = T /M points each. Then, the error is given by the statistical deviation, σ M,K ( Q; ω 2 ) T , calculated as
where · K,m is the mean value in block m. All of those quantities depend on the sampling size T , which must be high enough to reach the stability region.
To obtain the optimum set of variational parameters using the wavefunction we have worked as follows. First, we have optimized with the state-independent trial wavefunction. The search for the optimum set of nonlinear parameters has been performed by means of the simplex algorithm [30] . For each set of nonlinear parameters the matrix elements are estimated using the VMC method as shown above. Then, the energy and the linear parameters are obtained by solving the generalized eigenvalue problem. In the case of a state-dependent trial wavefunction we have used the nonlinear variational parameters found previously, and only the linear parameters are optimized. Once the optimum set of parameters is determined a longer Monte Carlo run is performed to improve the accuracy of the results.
Results
One of the main goals in this work is to analyse systematically the effects of the different correlation mechanisms incorporated by the trial wavefunction used in this work. In order to achieve this we have performed a set of calculations with different wavefunctions that are particular cases of (1). The first wavefunction studied (J), includes only Jastrow-type correlations. For the second one (L), we take F J = 1 and a linear factor, F L , that includes only central correlations. The third trial wavefunction (JL) is also state independent but includes both Jastrow and linear central correlations. The fourth wavefunction here studied (LO) includes the spin-isospin correlations but taking F J = 1. Finally, we consider the most general case of (1) with Jastrow-type radial correlations and linear state-dependent correlations (JLO). Some of them correspond to some others previously calculated. Thus the (L) and (LO) calculations correspond, respectively, to the TICI2(SI) and TICI2(SD) analytical results obtained in [4] . The (JLO) calculation for the 4 He corresponds to the J-TICI2(SD) calculation of [1] . In table 1 we show the results obtained for the MT I/III potential. We give the harmonic oscillator parameter used in the present calculation α, the kinetic energy, T , the total energy, E, and the square root mean radius of the nuclei, r 2 , that provides an idea of the nuclear size. The same are given in table 2 by using the MS3 potential. Our results are compared with the above-mentioned TICI2(SI) and TICI2(SD) calculations. For 4 He we have also included the J-TICI2(SD) results and some others obtained from a Jastrow state-independent (J(SI)) and from a Jastrow state-dependent (J(SD)) wavefunction [7] . Finally, we have also included for some nuclei the ground state energies obtained within the hyperspherical harmonic method (IDEA and PCHH rows) [10, 11] .
It is worth mentioning here that the L and LO results obtained in this work are in good agreement with TICI2(SI) and TICI2(SD), respectively. The small differences are due to the better efficiency of the analytic calculation in optimizing the wavefunction. This makes us confident of the accuracy of our Monte Carlo calculations and the reliability of the optimization algorithm used here. Moreover, the JLO calculation of this work improves slightly the J-TICI2(SD) one of [7] because in that work only a Gaussian was used to describe the Jastrow correlation function, while in this paper we have used two such functions. [4] −85.56 TICI2(SD) [4] −105.64 IDEA [10] −103.1
From tables 1 and 2 it is concluded that for the four nuclei studied here with both potentials the following relation for the ground state energies holds E J L < E J < E L . This is because the Jastrow correlation factor (J) includes two, three, four, etc particle correlations, while the linear one (L) only includes two-particle correlations. Besides the Jastrow correlations treat the short-distance repulsion correctly. When the central linear correlation factor is included simultaneously with the Jastrow factor (JL), the results improve the previous ones because in this case a better description of the two-, three-, etc particle correlations is done than in the J wavefunction. This improvement is quite important for all the nuclei studied here except for 4 He for which a Jastrow-type wavefunction is enough to recover all the effects due to central correlations. It is also interesting to note that, except for 4 He, the three state-independent wavefunctions considered here provide a quite different balance between the kinetic and the potential energy, specially for the MT I/III. As we shall show, this is due to the important spatial redistribution of the nucleons induced by those correlations.
When state-dependent correlations are included in the wavefunction the binding energy is increased greatly, although the kinetic energy is also enhanced. This is due to the fact that with state-dependent wavefunctions the relative importance of the different channels in the potential is better considered. The effect of the Jastrow factor is now even more important than in the state-independent wavefunction. We find in all cases studied that (E LO − E J LO ) (E L − E J L ), which means that there is no competition between the correlation effects included by the Jastrow factor and the spin-isospin part of F L . As a conclusion it can be said that the F J and F L functions considered here include complementary aspects in the nuclear dynamic and therefore both are necessary for a complete description of it. The Jastrow factor becomes more important as the number of nucleons increases.
One-and two-body densities provide the probability density distributions for finding a nucleon around the centre of mass of the system or around another given nucleon, respectively. In particular, the spherically averaged one-and two-body densities, normalized to unity, are defined as
In general, it is not easy to obtain these quantities analytically starting from explicitly correlated wavefunctions. Some numerical calculation of both the single-and two-particle distribution functions can be found in the literature [21, 22, 31] . In this work these densities will be calculated by means of the Monte Carlo method. We shall study the influence that the different correlation factors in the wavefunction have on them. To do that we study the radial difference functions
Here µ and ν denote L, J, LJ, LO and JLO, i.e. for the different wavefunctions used in building the respective densities.
In figure 1 (top part) we show the single-particle density of the nuclei 4 He, 8 Be, 12 C and 16 O obtained from the JLO wavefunction for both the MT I/III and the MS3 potentials. Although the general trend of the single-particle density of a nucleus is reproduced from both potentials, the numerical values of these densities differ from the others. As can be seen the MS3 potential gives rise to a more spread single-particle density than the MT I/III one. This is also reflected in the values of r 2 given in tables 1 and 2, and is due to the specific shape of these potentials, the MS3 being more spread in space than the MT I/III one.
To study the effects that the different mechanisms of correlation show on the singleparticle density we have analysed the difference functions ρ (1) µ,ν (r). Thus we have studied ρ (1) J L,L (r) in order to reveal the competition between short-range correlations included in F J and the 1p1h-2p2h correlations given by F L . Then we have considered ρ (1) LO,L (r) which will carry the information of the nucleon redistribution in the nuclei when the operatorial form of the correlation factor is taken into account. Finally, the analysis of ρ (1) J LO,LO (r) will make clear how the short-range correlations carried by the Jastrow factor affect the ph operatorial excitations. These difference functions are also plotted in figure 1 (bottom part) for the nucleus 16 O and for the two potentials MT I/III and MS3. The effects obtained for the other nuclei are quite similar and thus have not been shown explicitly. A general trend for these nuclei and/or potential is the small magnitude of ρ (1) LO,L (r) and the resemblance between ρ (1) J L,L (r) and ρ (1) J LO,LO (r). These facts indicate that, in spite of their relevance to the binding energy of the system, the state-dependent correlations hardly affect the nuclear density. Therefore, the mass redistribution in the nuclei due to the operatorial correlations must appear in the different spin and isospin channels of the density in such a way that its average is nearly zero. It is also apparent how the Jastrow correlation factor concentrates the nucleus around its centre of mass.
A similar analysis to that given for the single-particle density is given in figure 2 for the spherically averaged two-particle density. In the upper part of this figure we show the two-body density for the different nuclei obtained from each of the potentials. For completeness we have also shown the contribution to this density of the pair of nucleons with the same spin-isospin (for 4 He this contribution is zero). As we can see this density shows a local minimum at the origin, deeper for the MT I/III potential in which a Yukawian function is used to describe its hard core. Working with F L = F J = 1, i.e. considering only the model wavefunction, a monotonically decreasing two-body density is obtained. This reveals the role of the correlation factors of avoiding two nucleons being close, i.e. within the repulsive core of the two-body potentials. It is worth mentioning that this strong repulsion acts mainly on nucleons with different spin-isospin components due to the Pauli principle. Thus the stronger the core of the potential, the deeper the minimum of the two-particle distribution at the origin. A common trend observed in all the cases studied here is the presence of a maximum in the two-body density localized at 1 fm. This position is, approximately, where the Wigner component of both potentials presents its minimum. Finally, it is worth mentioning that this density becomes Figure 2 . Upper plot, two-particle density, ρ (2) J LO (r), for 4 He (broken curve), 8 Be (dotted curve), 12 C (chain curve) and 16 O (full curve) for both the MT I/III and the MS3 potentials. The contribution to this density from those pairs with the same spin-isospin is also shown. For 4 He the density has been divided by 3. Lower plot, difference functions ρ (1) J L,L (r) (broken curve), ρ (1) LO,L (r) (dotted curve) and ρ (1) J LO,LO (r) (full curve) for 16 O and for the two potentials. more spread as the number of nucleons increases due to the greater relative importance of the pair of particles with the same spin-isospin.
In the lower part of the figure we show the differences ρ
LO,L (r) and ρ (1) J LO,LO (r) for the nucleus 16 O and for the two potentials considered, which are representative for the other nuclei. As in the case of the single-particle density, the small magnitude of ρ (2) LO,L (r) and the resemblance between ρ (2) J L,L (r) and ρ (2) J LO,LO (r) are noticeable. Thus the remarks made for the single-particle density also apply in this case.
The momentum distribution is defined as the Fourier transform of the one-body density matrix
Its spherical average, n(k), can be written in terms of the wavefunction as
For the uncorrelated wavefunction used in this paper, this distribution is given by
where A = 4, 8, 12, 16 for the nuclei considered here. We have used the Monte Carlo algorithm to calculate the correlated n(k) distribution, following the same method employed previously by some of us for atomic systems [32] to fit the momentum distribution at high k values. In this paper we have parametrized the momentum distribution in terms of products of Gaussians and powers.
The effects induced on the momentum distribution by the different correlation mechanisms considered follow the same trend for all the nuclei studied here, henceforth we shall illustrate the discussion with the results obtained for 12 C and 16 O. In figure 3 we show the momentum distribution calculated by using the different wavefunctions studied in this work compared with the experimental data of [35] . These results show, as has been stated previously theoretically [31, 33, 34] and experimentally [25, 35] , that the effects of the correlations appear for k 2 fm −1 . In that region all mean-field approximations, especially the crude harmonic oscillator wavefunctions used here, are orders of magnitude smaller than correlated predictions. As one can see, all the correlated wavefunctions used in this work provide a similar behaviour for the momentum distribution. However, some quantitative differences appear: when only linear-type correlations are considered in the wavefunction, the momentum distribution is lower than those calculated from a model including Jastrow-type correlations. In addition, the effect of the operatorial correlations is to increase the momentum distribution. It is interesting to note that the best approximation to the experimental data is obtained with the JLO wavefunction. Finally, let us comment that a further improvement should be achieved by using more elaborate model wavefunctions, such as those of [31, 33] , or by considering more complex correlation mechanisms to take into account the coupling between the spatial and internal degrees of freedom of the nucleons (tensor, spin-orbit, etc). However, the main goal of this paper is to evaluate the effect of the different correlation mechanisms induced by V4 models on the observables studied here and to show that the calculation can be done efficiently by using the variational Monte Carlo for spin-isospin saturated p-shell nuclei.
Conclusions
A VMC study of spin-isospin saturated p-shell nuclei has been performed by using V4-type interactions. The central correlations have been included by means of a Jastrow factor and the spin-isospin correlations have been taken into account by means of a linear factor.
We have shown that this functional dependence of the spin-isospin correlations in the wavefunctions conveys only minor modifications in the VMC algorithm with respect to the state-independent case. Besides the increase in the computation time is not excessive, in such a way that all the calculations presented here have been performed in a medium-sized work station.
In spite of the simplicity of the trial wavefunctions they provide very accurate results. The inclusion of the central Jastrow factor gives rise to an important increase of the nuclear binding energy with respect to the case of trial wavefunctions that only include state-dependent linear correlations. This improvement becomes relatively more important as the number of nucleons is increased.
A systematic study of the different correlation mechanisms induced by the wavefunctions used in this work has been performed by means of the one-and two-body radial densities and the momentum distribution. The main conclusion of such an analysis has been that the effect of the Jastrow-type correlations is independent of the presence of state-dependent correlations on F L . The important effect of the Jastrow factor on the energy indicates that three-and more body effects introduced by this factor are very relevant in the nuclear dynamics, and that the operatorial correlations have small but appreciable effects on the momentum distribution.
The results obtained here for V4 interactions and those reported recently [1, 5] in which the same trial wavefunction has been explored for 4 He with realistic potentials make us confident that the present parametrization is very convenient to study nuclear bound states. The formalism developed here can be straightforwardly generalized to include tensor and other kinds of correlations appearing in realistic potentials. Work in this direction is in progress and will allow us to study medium-sized nuclei by using relatively modest computational resources. The use of this wavefunction along with the variational Monte Carlo method represents a promising approach to overcoming the present difficulties in the study of bound states of nucleon systems with realistic models of nuclear forces.
